STABILITY OF STATISTICAL PROPERTIES IN TWO-DIMENSIONAL 

PIECEWISE HYPERBOLIC MAPS 



MARK F. DEMERS AND CARLANGELO LIVERANI 

Abstract. We investigate the statistical properties of a piecewise smooth dynamical sys- 
tem by studying directly the action of the transfer operator on appropriate spaces of distri- 
butions. We accomplish such a program in the case of two-dimensional maps with uniformly 
bounded second derivative. For the class of systems at hand, we obtain a complete descrip- 
tion of the SRB measures, their statistical properties and their stability with respect to 
many types of perturbations, including deterministic and random perturbations and holes. 



1. Introduction 

In recent years, many works have sought to establish in the hyperbolic setting the func- 
tional analytic approach developed for one-dimensional piecewise expanding maps. 

This strategy avoids completely any attempt to code the system and studies directly the 
transfer operator on an appropriate Banach space (in the expanding case, the functions of 
bounded variation). Roughly speaking, the approach is to first obtain a priori control on the 
smoothing properties of the transfer operator [LYj . then infer from those that the transfer 
operator is quasi-compact and that its peripheral spectrum provides abundant information 
about the statistical properties of the system [K], and finally show that such a picture is 
stable for a large class of perturbations [BY\ IKLj . See [Bl] for a detailed explanation of the 
above ideas and complete references and [L2] for an apology. 

Such a point of view was successfully extended to multidimensional expanding maps [Sj 
But IT!} IT21 IBK] , but its application to the hyperbolic setting has been lacking until recently. 
Notwithstanding some partial successes [Bat IL14 IRll IR21 IR3] , the first paper in which the 
above approach was systematically implemented in all its aspects was [BKLj , in which the 
authors studied Anosov diffeomorphisms. Such results have subsequently been dramatically 
improved in a series of papers [GLl IB21 \BT\ IL3] of which certainly we have not seen the end. 

In spite of the fact that in one dimension the approach was developed to overcome the 
problem of discontinuities, the case of piecewise hyperbolic systems has eluded attempts 
to treat it along such lines (with the partial exception of |Llj ). Consequently, as far as 
hyperbolic systems with discontinuities are concerned, the only available approaches are [P] 
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and [Y] (and the generalizations by Chernov [ChJ and Chernov, Dolgopyat [CDJ of Young's 
approach in the case of billiards; see [CY] for a review). Such approaches require a very deep 
preliminary understanding of the regularity properties of the invariant foliations and are not 
well-suited to the study of perturbations of the systems under consideration. 

The present paper makes a first step in overcoming the difficulty of discontinuities by 
showing that in the two-dimensional case the functional analytic approach can be carried 
out successfully. We are confident that this approach can be extended to billiards and higher 
dimensional systems. 

The outline of the paper is as follows. In Section [31 we describe functional spaces on which 
we establish the quasi-compactness of the transfer operator in Section |H This is the key 
result of the paper from which all the rest follow. 

In Section we show that there exists a precise relation between the spectral picture 
of the transfer operator and the statistical properties of the system. More precisely, the 
peripheral spectrum corresponds to the ergodic decomposition with respect to the physical 
measures, so a complete description of the SRB measures for the system is obtained. 

The rest of the spectrum is connected to the finer statistical properties such as the decay 
of correlations, which is proven to be exponential for mixing systems, the Central Limit 
Theorem, the power spectrum and the Ruelle resonances. Although the decay of correlations 
and CLT are already known for systems with a slightly more restrictive class of singularities 
(see [Y]), the current approach presents a unified framework for these results and adds to 
them a detailed understanding of the power spectrum and Ruelle resonances not previously 
available. (See \Rul\ IRu2l IPPR IPP2j for a discussion of Ruelle resonances in Axiom A 
systems.) 

In addition, we answer questions concerning the stability of these statistical properties 
with respect to both deterministic and random perturbations, as well as those obtained by 
introducing small holes into the system. We prove that the stability is of a very strong 
nature: all the statistical properties, from the invariant measures to the rate of decay of 
correlations to the Ruelle resonances, vary continuously with the perturbation. The proofs 
of these results are contained in Section [6j 

Contrary to [CLj . the spaces introduced here do not allow an extensive study of the 
influence of the smoothness of the system on its statistical properties. This may depend on 
the class of systems under investigation: contrary to the smooth case in which the degree of 
smoothness determines the size of the essential spectrum, it is conceivable that there is no 
difference between piecewise C 2 and piecewise C systems. On the other hand there may be 
a difference that is not captured by our spaces. 

Finally, note that the paper tackles the problem, left open in [GL] , of how to define spaces 
with Holder regularity in the unstable direction. 

Remark 1.1. A remarkable aspect of the present approach is that it bypasses completely the 
detailed, and extremely laborious, study of the smoothness properties of the invariant folia- 
tions, their holonomies and the local ergodicity theorems (albeit restricted to the uniformly 
hyperbolic case). Accordingly, it provides an extremely direct way to obtain very strong re- 
sults, as testified by the length of the present, essentially self-contained, paper. 

Convention 1.2. In this paper we will use C to denote a generic constant depending only on 
the dynamical systems (AA,T), while C a ^ c ... will depend only on (Ai,T) and the parameters 
a,b,c, . . . . Accordingly, the actual value of such constants may vary from one occurrence to 
the next. 
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2. Setting, Definitions and Results 

Let M. be a compact two-dimensional Riemannian manifold, possibly with boundary and 
not necessarily connected, and let T : M. O be a piecewise uniformly hyperbolic map in 
the following sense. We assume that there exist a finite number of pairwise disjoint open 
regions {M.f} such that UiJAf = M. and the boundaries of M.f are piecewise C 1 curves 

of finite length. We define M~[ = T(M.f) and require that UiJA^ = M.. We refer to the 
sets S ± := M\ Uj M.f as the singularity sets for T and T -1 respectively. We assume that 
T e BiS 2 (M\S + , M\S~) and that on each Mf, T has a C 2 extension to Mf. 

On each Mi, T is uniformly hyperbolic: i.e., it admits two continuous DT-strictly- 
invariant families of cones C s and C u defined on all of M\{S + U dM) which satisfyQ 

■ ( ■ f W DTv W 
A := mi mi — — - — > 1, 

x£M\S+ v£C u \\v\\ 

(2.1) fi := inf inf < 1, 

x£M\S+ vGC \\v\\ 

1 ■ r ■ n WDT-^W 

it, := mf mf - — — - — - > 1. 

x€M\S~ vec \\v\\ 



In Section 13.11 we define narrow cones with the same names and refer to them as the stable 
and unstable cones of T respectively. We assume that the tangent vectors to the singularity 
curves in S~ are bounded away from C s . Note that this class of maps is similar to that 
studied in [YJ |P] ; see also |LWj for the symplectic case. 

Remark 2.1. We can replace the condition that the singularity curves be transverse to C s 
by the more general assumption (HI) of Section \2.5\ (replacing dH with S~), thus allowing 
singularities which are in places tangent to the stable direction. The estimates of Section \6.3\ 
imply that Proposition \2. 7| and Theorem \2.S\ hold with this weaker condition on the singular- 



ities of T as long as we choose (3 < a/2 in the definition of the strong unstable norm (12.41) . 
We do not do this, however, since this restriction on (3 makes less optimal our estimates on 
the essential spectral radius (see Remark \5.9\) . 

Remark 2.2. Although the class of maps T which we consider does not contain billiards, it 
does contain piecewise toral automorphisms and a broad class of piecewise hyperbolic nonlin- 
ear maps with bounded derivative. 

Denote by S~ the set of singularity curves for T~ n and by the set of singularity curves 
for T n . Let M(n) denote the maximum number of singularity curves in S~ which intersect 
at a single point. We make the following assumption regarding the singularities of T. 

(PI) There exist «o > and an integer n > 0, such that A/x Q ° > 1 and 
(A/i QO ) no > M(no). 

Condition (PI) can always be satisfied if M(n) has polynomial growth (as is the case with 
billiards); however, since (PI) is required only for some fixed n , it is not necessary to control 
M(n) for all n in order to verify the condition. 



1 Note that the strict invariance of the cone field together with the smoothness properties of the map 
implies that the stable and unstable directions are well-defined for each point whose trajectory does not 
meet a singularity line. 
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Remark 2.3. If property (PI) holds for a , then it holds for all < a < «o with the same 
n . Notice also that M(kn ) < M(n ) fc which implies that the inequality in (PI) can be 
iterated to make (Xfi a °)~ kno M(kno) arbitrarily small once (PI) is satisfied for some uq. 

In Section EU] we will define a set of admissible leaves E, close to the stable direction, on 
which we will define our norms. For a leaf W G E, let L n denote the number of smooth 
connected components of T~ n W. For a fixed N, by shrinking the maximum length 26 of 
leaves in E, we can require that < M(N) + 1. This implies that choosing N = kn , we 
can make (\fi a °)~ N Ljy arbitrarily small. 

Convention 2.4. In what follows, we will assume that = 1. If this is not the case, we 
may always consider a higher iterate ofT for which this is so by assumption (PI)- We refer 
to L\ as L and choose 5 small enough that LA^V " =: p < 1- 

We write D s to denote differentiation in the stable direction and note that this direction 
is well-defined outside the set U n > S+ due to the uniform hyperbolicity of T. 

For an admissible leaf W G E, we will denote by m the (unnormalized) Riemannian volume 
on W and by d(-, •) the distance along the leaf. We will often abbreviate m(W) by \W\. 

2.1. Transfer Operator. The basic object of study in the present paper is the so-called 
transfer operator C. Clearly, to make sense of an operator it is necessary to specify on which 
space it acts. In fact, the search for a good space is the main point of the present paper. 

In the smooth case [GL] . it is convenient to define the transfer operator acting on the 
space of distributions which turns out to contain all the relevant spaces. In this manner one 
can obtain all the relevant operators as restrictions of the original one. 

In the present case it is not clear if there exists an appropriate ambient spaced We bypass 
this problem by defining the operator as acting between two scales of spaces. 

For each n G N, let JC n be the set of connected components of M. \ S^. Recall that 

o 

C (K, K) is the set of functions (p G C X {K, M) which have a C 1 extension in a neighborhood 
of K. Let C\ + := {<p G L°°(M) : if G C l {K, R) VK G JC n }E K h G (CL)', is an element of 
the dual of C\+, then C : (Ci+)' — > (C\ + )' acts on h by 

Ch(ip) = h(tp o T) \/ip G . 

The above definition shows how the transfer operator acts on an abstract space of distri- 
butions, but often we will be concerned with its action on more concrete objects. Notice 
that since the sets S£ are all of zero Lebesgue (Riemannian) measure, each signed measure 
absolutely continuous with respect to Lebesgue yields an element of 

Remark 2.5. In what follows, we will identify a measure h that is absolutely continuous 
with respect to Lebesgue with its density, which we will insist on calling h. Accordingly, 

h((f) = / hep dm 
J M 

where m denotes Lebesgue measure on M.. Hence the space of measures absolutely continuous 
with respect to Lebesgue is canonically identified with L 1 (A4, M, m). 

2 Clearly the space of distributions will not do since if if is smooth, o T may not be. 
3 The space C^, + is a Banach space when equipped with the norm sup \ip\ o . 

6 " K€K n ^(K) 
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With the above convention, L 1 (A / i) C {C s +Y for each nel One can then restrict C to 
L and a simple computation shows thai 

C n h = hoT~ n \DT n (T~ n )\~ 1 

for any n > and any h G L\M)E 

2.2. Definition of the Norms. We will define the required Banach spaces by closing C l 
with respect to suitable norms. 

The norms are defined via a set of admissible leaves E. Such leaves are essentially smooth 
curves roughly in the stable direction, their length is smaller than some S and among them 
is defined a notion of distance ofe. Also, a notion of distance d q is defined among functions 
supported on such leaves. They are defined precisely in Section 13.11 

For W G £ and < a, q < 1, denote by C a (W, C) the set of continuous complex-valued 
functions on W with Holder exponent a. Define the following norms 

Mw,a,g := \W\ a ■ \<p\ei(W,C)- 

Given a function h G C l (M., C), define the weak norm of h by 



norm as 



(2.2) l/ilu, := sup sup / hip dm. 

Choose a, (3, q < 1 such that 0<j3<a<l — q < a S We define the strong stable 

(2.3) ||/t|| s := sup sup / h(p dm 

wer, ip ec 1 (w,C)Jw 

lvlw,a,g<l 

and the strong unstable norm as 

(2.4) \\h\\ u := sup sup sup — r 

where wm be chosen later. We then define the strong norm of h by 

(2.5) = ||/i|| s + 6||/i|| u 

where b is a small constant chosen in Section HI 

We define B to be the completion of C 1 (J\4) in the strong norm and B w to be the completion 
of C 1 (A / i) in the weak norm. 

Finally, let 

(2.6) D n := 5 a - 1 sup sup \W\~ a [ \DT~ k \dm 

0<k<n WeT, Jw 



hipi dm — / hip 2 dm 
Wi Jw 2 



and set = lim supyj^^ D 



l/n 



n 



4 Given a square matrix A, by \A\ we mean | det(A)|. 

5 Often the above is taken as the definition of the transfer operator, yet as will become clear in the following, 
L 1 is both too small and too large a space to be useful. 

6 Such inequalities are irrelevant for the definition of the spaces, but we introduce them here because they 
will be needed for the various Lasota-Yorkc estimates of Section |U 
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2.3. Statement of Results. The first result gives a more concrete description of the above 
abstract spaces. 

Lemma 2.6. For each n>0,B<zB w C (CI+)'. 

Proof. This is an immediate consequence of Lemma [3.31 and the fact that | • |«, < || • ||. □ 

In addition, the transfer operator is well-defined on the spaces B, B w . In fact, the following 
more precise result is proven in Section HI 

Proposition 2.7. There exists 5q > such that for all h £ B , 5 < 5q and n > 0, 

(2.7) \C n h\ w < CD n \h\ W} 

(2.8) \\C n h\\ s < Cmax{p,fil} n D n \\h\\ s + C 5 D n \h\ w , 

(2.9) \\C n h\\ u < C\-^D n \\h\\ u + C(D n + L n X- n fi- an )\\h\\ s . 

If we choose 1 > r > max{A - ^, p, then there exists N >0 such that 

\\C N h\\ = \\C N h\\ s + b\\C N h\\ u 
t n D 

(2.10) < -—JL\\h\\ s + C s D N \h\ w + br N D N \\h\\ u + bC(D N + L N \- N p~ aN ) \\h\\ s 
< r N D N \\h\\ + C 5 D N \h\ w 

provided b is chosen small enough with respect to N. The above represents the traditional 
Lasota-Yorke inequality once we show the D n are bounded. Probably a direct argument 
could prove this fact, yet we find it easier to prove using a functional analytic argument. 

The final ingredient in the strategy to prove the quasi-compactness of the operator £ is the 
relative compactness of the unit ball of B in B w . This is proven in Lemma I3~51 It thus follows 
by standard arguments ( |Blj ) that the essential spectral radius of C on B is bounded by tD*, 
while the estimate for the spectral radius, contrary to the usual situation, is which, in 
general, could be larger than one. Nevertheless, a functional analytic argument (Lemma 15.31) 
shows that the spectral radius is one. As a consequence we know, a posteriori, that = 1 
and this together with Lemma 15.11 implies that the D n are bounded (see Remark 15.41) . 

Our next results characterize the set of invariant measures in B and some of the statistical 
properties of T. Recall that an invariant probability measure /i is called a physical measure 
if there exists a positive Lebesgue measure invariant set B^, with p(B^) = 1, such that, for 
each continuous function /, 

- 71—1 

lim -J2 fiT'x) = //(/) VxeiV 

n^oo n z — ' 
i=0 

Let Ug be the eigenprojector on Yg, the eigenspace of C corresponding to eigenvalue e 2md , 
and set V := (BgYg. The following theorem is proved by the lemmas of Section [5j 

Theorem 2.8. The peripheral spectrum of C on B consists of finitely many cyclic groups. 
The maps {T n } ng ^ admit only finitely many physical probability measures, they form a basis 
for V and the cycles correspond to the cyclic groups. In addition, 

(1) If p £ V and S^ e is an e-neighborhood of , then p(S^ e ) < C n e a for all n £ N. In 
particular, p(S^) = 0. 
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(2) Each element in V is a signed measure absolutely continuous with respect to the 
probability measure p := lim n ^oo - Y^=o ^ n particular, all the physical measures 
are absolutely continuous with respect to p. 

(3) The supports of the physical measures correspond to the ergodic decomposition with 
respect to Lebesgue. 

(4) For all f G C°(M,R), the limit f + (x) := lim^^ ± YZv f ° T \ x ) exists f or m " 
almost-every x and takes on only finitely many different values. If p is ergodic, then 
f + {x) = J fdp for m- almost- every x. 

(5) If (T, p) is ergodic, then 1 is a simple eigenvalue. If (T n ,fl) is ergodic for all n G N, 
then one is the only eigenvalue of modulus one, (T, p) is mixing and exhibits expo- 
nential decay of correlations for Holder observables, and the Central Limit Theorem 
holds. 

(6) More generally, the Fourier transform of the correlation function (sometimes called 
the power spectrum,) admits a meromorphic extension in the annulus {z G C ; r < 

| z | < t -1 } and the poles (Ruelle resonances) correspond exactly to the eigenvalues of 
C. 

Items (1-4) and part of (5) are proved in Section I5T21 The rest is proved in Section IBTBl 

Remark 2.9. Although p is a natural measure in the sense that it is obtained by pushing 
forward and averaging Lebesgue measure, it is generally not absolutely continuous with respect 
to Lebesgue in the hyperbolic setting. Typically, one expects p to be singular along stable 
manifolds and absolutely continuous along unstable manifolds. 

Remark 2.10. A natural question is if all the positive elements ofYo are SRB measures; 
however, the characterization of SRB measures as measures that are absolutely continuous 
along unstable manifolds is a bit at odds with our philosophy since it would require us to prove 
the existence and properties of such manifolds in the first place. An alternative approach is 
to note that the integral along a manifold lying in the unstable cone yields an element of B 
(see }GLl Proposition 4.4.] for a similar result in that context) and therefore iterating it (one 
standard manner to construct SRB measures) one converges to the elements o/V . With this 
approach one can show that V corresponds exactly to the decomposition into SRB measures. 

Remark 2.11. Several of the above results are similar to those obtained in [Pi |Y] for piece- 
wise hyperbolic maps. In |Yj ; an SRB measure v was constructed and under the assumption 
that (T n , u) is ergodic for all n, it was proven that (T, u) satisfies the CLT and exponential 
decay of correlations for Holder observables. In [P], the existence of SRB measures and the 
ergodic decomposition was proven. 

In Section [61 we prove various perturbation results, using the framework provided by [KLJ. 
This requires first obtaining uniform Lasota-Yorke estimates for the perturbed operators C £ . 
Then, regarding these operators as acting from B to B w , we define the norm 

|||£||| = sup \Ch\ w 

{h&B:\\h\\<l} 

and show that C £ and £ are close in this norm. The results of [KLj then imply that the 
spectral picture (hence the SRB measures, the rate of correlation decay, etc.) persists and 
is stable as long as a spectral gap is maintained. These results, to our knowledge, are new 
and are a simple byproduct of the present approach. 
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2.4. Deterministic and Smooth Random Perturbations. We define the class of per- 
turbations for which our results hold. This class is analogous to that studied in [GLJ. 

Fix < oo such that |D 2 T| < and let Tb„ be the set of maps T that satisfy the 
assumptions of Section [2] with \D 2 T\ < B*. 

Definition 1. Given two maps T 1; T 2 G Tb„ we say that they have distance e if their sin- 
gularity curves are at distance e and if outside an e neighborhood of the union of their 
singularity curves they are e-close in the C 2 norm. We call this distance ^(T^T-i). 

Choose e < Eq and let X e be an e- neighborhood of T in Tb„, 



x £ = {fer Bt ,:j(T,f)<£}. 

In general, the constants A(T), fi(T), /x+(T) and D n {T) defined by (12.1 \ and (12. 6p depend 



on the map T. However, for e < Eq, we may choose constants A, fi, //+ and D n such that 
1 < A < A(f ), 1 > fi > fi(f ), 1 > fi+ > n(f) and D n > D n {T) for all f G X e . These are 
the constants we shall use in the estimates of Section [6] which enable us to obtain uniform 
Lasota-Yorke type inequalities for the maps in X £ . 

Let v be a probability measure on a probability space Q and let g : Q x M. — » K + be a 
measurable function satisfying: 

(i) g(u, •) eC\M, R+) for each u G ft; 

(ii) f n g(u,x)db / (u>) = 1 for each x G 

(iii) g(u,x) > a > and |^(a;, Olc 1 ^) — ^ < oo. 

If we associate to each u G Q a map T w 6 I £) this defines a random walk on M. in a natural 
way. Starting at x, we choose T w according to the distribution g(u,x)dv{uS). We apply T w 
to x and repeat this process starting at T^x. We say the process has size A(v,g) < e. 

Remark 2.12. If u is a Dirac measure centered at ujq, this process corresponds to the deter- 
ministic perturbation T WQ of T . Thus this setting encompasses a large class of random and 
deterministic perturbations ofT. 

The transfer operator C ug associated with the random process governs the evolution of 
densities by 



where Ct u is the transfer operator associated with T w . 

Lemmas 16.14 16.21 and 16.31 prove the two steps required in order to apply [KLj to the above 
class of perturbations. We need some more notation before stating the theorem fully. 

Choose a G (max{A _/3 , p, 1) and denote by sp(£) the spectrum of £ on B. Since 
sp(£) n {z G C : \z\ > a} consists of a finite number of eigenvalues Qi, ■ ■ ■ , Qk of finite 
multiplicity, we may assume that sp(£) R {z G C : \z\ = a} = 0. Hence there exists t* > 
such that \qi — Qj\ > t* for i ^ j and dist(sp(£), {\z\ = cr}) > t*. 

Finally, for t < i*, define the spectral projections 





and 
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We denote by ILj and Hq the corresponding spectral projections for the unperturbed 
operator C 

Theorem 2.13. For each t < t* and ri < 1 — : rr^n — tt, there exists e-i > such that 

— ' logmax{A - P,p,/^} 7 1 

for any perturbation (u,g) of T satisfying A(u,g) < E\, the spectral projections 11^ y , IL5 ; 
Hv,l and H^g are well-defined and satisfy 

(1) | ||ng - IF? 1 1 1 < CA(u, gf and \ | |n$ - Iljf > 1 1 1 < CA{u, g)i; 

(2) rank(Hu,l) = rank(U^) for each j; 

(3) ||£^nS|| < Ca n for all n > 0. 

In view of the previous discussion on the meaning of the spectral data, Theorem 12.131 
implies that the statistical properties (invariant measures, rates of decay of correlations, 
variance of the CLT, etc.) are stable under the above class of perturbations. 

Remark 2.14. It is possible to obtain a constructive bound on E\ by estimating r and using 
the bounds provided by |KL] . 

2.5. Hyperbolic Systems with Holes. Another interesting class of perturbations is the 
one obtained by opening small holes in the system, thus making it an open system from 
which particles or mass can escape. In such systems, we keep track of the iterates of points 
as long as they do not enter the holes. 

Let H C M. be an open set which we call the hole and define A4° = M\H. Let M. n = 
r\™ =Q T l J\A° be the set of points that has not escaped by time n. The map T n := T n \M. n 
describes the dynamics in the presence of the hole and the evolution of measures is described 
by the transfer operator 

C n H h = C n {l M -h). 

Since T is simply a restriction of T, the family of admissible leaves £ does not change. 
Let r = supjlW^I : W C H, W G £}, i.e. r is the largest "diameter" of H where length is 
measured along admissible leaves. 

We make the following two assumptions on the hole. 

(HI) H is comprised of a finite number of open, connected components whose 
boundaries consist of finitely many piecewise smooth curves. Moreover, 
for each smooth component u of OH and any point x G u, either 

(1) the tangent to uj at x is bounded away from C s (x), or 

(2) the curvature of u at x is greater than B (in the definition of H 
from Section 13. ip . 

For any W G E, let P n be the maximum number of connected components of T~ n W (1 

(H2) There exists an integer n\ > 0, such that (A//*°) ni > P ni . 

Notice that we can iterate the inequality in (H2) by controlling 5. For a fixed iV = kni, 
we can choose 5 so that Pk ni < P%,- Thus we can make P/v(A/i a °) _Ar as small as we like. 

Convention 2.15. We will assume that n\ — 1. If this is not the case, we can always 
consider a higher iterate ofT for which this is true once (H2) is satisfied. We refer to P\ as 
simply P and assume that \~ l n~ a °(L + P) < 1. 
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The observations following (H2) and (PI) imply that we can control A n fi an (L n + P n ) 
which is precisely what we need in order to prove the Lasota-Yorke inequalities for 

Remark 2.16. It is fairly easy to have holes that satisfy our assumptions: for example holes 
with boundaries transverse to the stable cones, convex holes with boundaries with curvature 
larger than B or some appropriate mixture of the two. In the case of convex holes, P = 1. 

Remark 2.17. We do not distinguish between pieces ofT~ n W created by intersections with 
the hole and those created by the singularities ofT. This is clear in the estimates of Sections^ 
and \6.3\ and justifies Remark l2J\ that all the theorems of Section POl hold with the weaker 
conditions (HI) and (H2) on S~ as long as we choose (3 < a/2. This restriction on (3 stems 
from the observation that for strictly convex holes (singularities), two curves in S which are 
e-close to one another can differ in their intersection with the hole (singularity) by a length 
of at most Ce 1 ! 2 . (This is used in equation (16.121) of Section \6.3l ) 

The spectral radius of Ch is typically d < 1 when all the mass in the system eventually 
escapes. The analogous notion to an invariant measure in this setting is that of a conditionally 
invariant measure. For any Borel measure /i, define T^fi(A) = /i(T _1 A) for any Borel set 
A C M.. A probability measure fi is called conditionally invariant with respect to T if 
T*/i = A/i for some A < 1. It follows that A = ^(M 1 ) and that —log A represents the 
exponential rate of escape from the system with respect to \x. 

In principle there can be many conditionally invariant measures with different eigenvalues; 
however, one can ask if there exists a natural conditionally invariant measure which is the 
forward limit of a reasonable class of measures under the nonlinear operator T™fi/\T™n\ (see 
[DYJ for a discussion of the issues involved). Lemma T6.5I and Proposition 16.61 place us in the 
setting of |KLj and allow us to assert the following theorem. 

Theorem 2.18. Let H be a hole satisfying conditions (HI) and (H2) and choose (3 < a/2 
in (12.41) . Then for Pr a sufficiently small, 

(1) The non-essential spectra and the relative spectral projectors of C and Ch outside the 
disk of radius r are close in the sense of Theorem \2.13[ 

(2) If T has a unique SRB measure, then T admits a unique natural conditionally in- 
variant measure \x which is characterized by fi = lim^oo T™m/\T™m\ . 

Corollary 2.19. Suppose T has a unique SRB measure fiQ and let H t be a sequence of 
holes with diam(H t ) < t satisfying (HI) and (H2) with uniform constant n\. Let fi t be the 
natural conditionally invariant measures associated with H t given by Theorem \2.18\( 2). Then 
\lh - A*oU — ► as t — >• 0. 

Proof. The convergence follows directly from the closeness of the spectral projectors guar- 
anteed by Theorem 12.18( 1). Note that the convergence in the | • j^-norm is stronger than 
the weak-convergence results typically obtained for open systems. □ 

When T has a unique SRB measure, one can also associate to the conditionally invariant 
measure fi a unique invariant measure v for T which is supported on Q = n c ^L_ 00 T n M. , 
the set of points that never escape from the system. Define 11$ to be the projector onto the 
eigenspace associated with the spectral radius 11^ admits the following characterization, 

IL? = lim $- n Ch ■ 
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In fact, the spectral decomposition implies that = $fi£(h) + Rh, where the spectral 
radius of R is strictly smaller than d and 

£(h) = [ U^hdm = lim iT n / hdm. 
J n ^°° Jm™ 

It is then easy to see that 

v(<p) := £(tpn) = lim $~ n I (pd/j, 



is the required invariant measure. 

Remark 2.20. Hyperbolic systems with holes have been well- studied when the systems in 
question admit a finite Markov partition (see the long series of papers [C | ICMl[ ICM2| ICMTlt 
ICMT2} [LMJ^), but these are the first results for hyperbolic systems with discontinuities and 
no Markov properties. Moreover, it should be noted that even if T is a C 2 Anosov diffeo- 
morphism, then the present approach yields stronger results in a much more simple, direct 
and compact way than has previously been available. In one dimension, piecewise expanding 
maps with non-Markov holes have been studied via a variety of approaches, |BCj . [LiMj . |Dlj ; 
logistic maps with non-Markov holes were studied in |D2j . 



3. Banach space EMBEDDINGS 

We must start with the overdue exact definition of the family of admissible leaves E, which 
is a set of parametrized curves in the unstable direction. 

3.1. Family of Admissible Leaves. Our definitions are similar to those of |GLj . 
For k sufficiently small, we redefine the stable cone at x G M. to be 

C s (x) = {u + ve T X M : u G E s (x),v JL E s (x), \\v\\ < k\\u\\}. 

An analogous expression defines C u (x). These families of cones are invariant, that is 
DT- 1 {x){C s {x)) C C^T^x) and DT(x){C u {x)) C C u {Tx). 

For each Aif, we choose a finite number of coordinate charts {xj}f=i, whose domains Rj 
vary depending on whether they contain a preimage of part of the boundary curves of M.f. 
For those Xj which map only to the interior of Aif, we take Rj = (—rj,rj) 2 . For those Xj 
which map to a part of dA4f, we take Rj to be (— rj, rj) 2 restricted to one side of a piecewise 
C 1 curve (the preimage of part of dAi^~) which we position so that it passes through the 
origin. Each Rj has a centroid, yj, and each Xj satisfies 

(1) Dxjiyj) is an isometry; 

(2) D Xj (yj) ■ (R x o) = E s ( Xj (yj)); 

(3) The C 2 -norm of Xj an d its inverse are bounded by 1 + k; 

(4) There exists Cj G (k, 2k) such that the cone Cj = {u + v G R 2 : u G R x {0},v G 
{0} x R, \\v\\ < Cj\\u\\} has the following property: for x G Rj such that Xj( x ) ^ 
D Xj (x)C, D C s (xM) an d DT~ l {D X j{x)C j) C C s (T~ l o Xj (x)); 

(5) Ml is covered by the sets {xj(Rj H (-^-, r -±) 2 )}f =1 . 

Now choose r < minjrj/2; later, we may shrink r further. Fix B < oo and consider the 
set of functions 

5 := {F G C 2 ([-r, r), R) : r G (0, r ], F(0) = 0, |F| c i < k, \F\ C 2 < B}. 
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Let I r = (-r, r). For x G Rj H (-r 3 -/2, r,/2) 2 such that x + (t, F(£)) G i?j for i G J r , define 
G?(ar, r, F) to be a lift of the graph of F to M: G{x, r, F)(t) := Xj( x + (*> for * G ^ 

For ease of notation, we will often write G F for G(x,r,F). We record here for future use 
that \G F \ c i < (1 + k) 2 and (G^lci < 1 + «. 

Our set of admissible leaves is then defined as follows, 

£ : = = G(x,r,F)(I r ) : x G -Rj fl (r^/2, r^/2) 2 , r < r , F G S}. 

If necessary, we shrink r so that sup^g^ \ W\ < 25 where 5 is the length scale referred to in 
the convention following property (PI). 

We define an analogous family of approximate unstable leaves T u which lie in the unstable 
cone C u . 

For any two leaves W\{xiu x ^ ri > ^i) an< ^ W^Ofe, x 2, ?"2, F2) with r± < r 2 , we define the 
distance between them to bqj 

dv(W u W 2 ) = V(h,i2) + \x!-x 2 \ + |r x -r 2 | +2- 1 5- 1 |F 1 -F 2 | c i (/ri) 

where rj(i,j) = if i = j and T](i,j) = 00 otherwise, i.e., we can only compare leaves which 
are mapped under the same chart. 

Given two functions <fi G C q (Wi, C), we define the distance between <pi, ip 2 as 

d q ((fi, (f 2 ) = \<fi G Fi - ¥2 G\F 2 |c«(/ ri ,c)- 

3.2. Some Technical Facts. To understand the structure of the spaces B w and B it is 
necessary to prove two preliminary results that will be needed in many other arguments 
throughout the paper. In particular we need some understanding of the properties of T~ n W 
for W G £. We use the distortion bounds of Appendix A throughout Sections [3] and HI 

Let Wo = {W} C £ and suppose we have defined W n _i C £. If W G W„_i contains 
any singularity points of T _1 , then T~ l W is partitioned into at most L pieces so that 
T is smooth on each W-. Next, if one of the components of T~ l W has length greater than 
25, it is partitioned further into pieces of length between 5 and 28. We define W n to be the 
collection of all pieces W% C T~ n W obtained in this way. It is a standard result of hyperbolic 
theory that each Wi is in £ if B is chosen sufficiently large in the definition of £. 

Lemma 3.1. For any < q < «o and each W G £ 

n „ 

Wi\ q \\DT n \- l J w T n \ e0{Wi) < c£>-y~* / \DT- k \ + C\W\"p n 

WiGWn fc=l JW 

where Jy/T n denotes the Jacobian of T n along the leaf T~ n W . 

Proof. For each 1 < k < n, denote by Wf the elements of Let Af. = {i : \W i ■ | < 5} and 
B k = {i : > 6} denote the short and long pieces in W k respectively. We regard {W^}^ 
as a tree with W as its root and Wk as the k th level. 

At level n, we collect the short pieces into groups as follows. Consider a piece W£ G W n , 
not necessarily short. Let W k be the most recent long "ancestor" of W^, i.e., k = max{0 < 
m < n : T n ~ m (W t n ) C and j G £? m }. If no such ancestor exists, set k = and = W. 
Note that if W™ is long, then = W£. Let 

J n (W/) = {1 : T n ~ fc (W^ n ) C and \T E (W?)\ < 5 for < i < n - k - 1} 



The reader can check that the triangle inequality holds in E. 
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be the set of indices corresponding to the short pieces which have the same most recent 
long ancestor as W£, or the set {W™} if the piece is long. Since for any i e J n (W k ), 
|T*(W7»)| < 8 for all < i < n- k- 1, we may estimate #J n (Wf) < L n ~ k using Remark[23] 
and Convention 12.41 So using the distortion bounds given by equations (1 A. II) and (1A.2I) . we 
estimate 



E \W?\' ! \\DT n \- 1 J w T r - 



\co(wn 



<C \T n - k Wn%J W T n - k f-'\DT n - k \-\ 0(w ^ 

(3.1) 



i£Jn(W, k ) 



<C\\DT k \- 1 J w T% 0{w * ) \W^(L 1 -<\- 1 fi-< ; ) n - k 
< C\\DT k \- 1 J w T k \ CO wH ) \Wf\s / r- k 

where for the first inequality we have estimated | W™\ \ JwT n ~ k \c°(wr-) < C\T n ~ k W™\, and for 
the second we have used the Holder inequality. Grouping all i 6 A n in this way, we are left 
with estimates over long pieces only, so that using (13. ip . 



\c°(w?) 



n—k 



\w?\<\\m m \- 1 j w T n \ CO(W n ) = E E E iwrni^r 1 ^ 

* fc=ojGB fc ieJ„(w*) 

n 

< ^E E wni^rwrw^' 

fc=0 jGSfe 

For each > 1, we have \W k \ > 5 and T k W k l D T k W k 2 = if ji 7^ So we may sum over 
j, again using flA.ip . 

\Wf\*\\DT k \- 1 J w T k \ c p 0V k ) <CJ2 \ W j I'" 1 / \DT k \- l J w T k dm 

(3.3) ieBfc ieBfc ^ 

< C7^- 1 / |Dr-*|dm . 

Putting (I3.3P together with (13. 2p . we conclude that 

n » 

(3.4) V|W^H|DTTWT n |eo(vi/«) < C Vr 1 /^ / |£T~ fe | dm + C7|H/|V n 

which proves the lemma. □ 

As an immediate corollary of the above lemma we have 
Lemma 3.2. For any < q < a and each W G £ 

^ \W i \*\\DT n \- 1 J w T n \e> m < CD n 5"- a \W\ a + C\W\"p n . 



Next, we have a fundamental lemma that will allow us to establish a connection between 
our Banach spaces and the standard spaces of distributions. 
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Lemma 3.3. For each h G C 1 (7W) ; n > ; and if G C\ + we have 



/ hpdV\<C 6 \h\ v) (\<p\ 00 +\D'<p\ 

JM 



where D s denotes the derivative along the stable direction and dV is the normalized volume 
element on j\A. 

Proof. Choose ip G C\+ for some n G N, so that cp G ^(K) for each K G JC no . First 

partition each Aif into finitely many approximate boxes Be whose boundary curves are 
elements of E and j uu , as well as the boundary curves of j\4f where necessary. The Bf can 
be constructed so that each Bi is foliated by curves WgE and diam(I^) < 25. On each 
Bi, choose a smooth partition {W^(£)} of Bi made up of elements of E which completely 
cross Bi in the approximate stable direction. Here £ G Ei is a parameter which indexes the 
elements of the foliation {W^(£)}. 

In order to integrate along the curves we decompose the measure dV on Bg into 

dV = u(d^)dm^ j £ where is the conditional measure on the fiber and v is an 

appropriate measure on UgEe. We normalize the measures so that 7n^i(Wt(^)) = \Wi(£)\', 
thus, since the foliation is smooth, dm^/ = p^/dm where m is the arc-length measure on 
W t {g) and p^pj} G C x {W(i{£)). Note that v(E t ) < oo. 

Taking n > no, we estimate 



(3.5) 



/ hep dV = Y] I C n hipoT- n dV = J" [ K« I C^hfo T~ n dm u 

J M t JB e t J Ei JW e (0 

= J2 I u ( d & I hoT- n \DT n {T- n )\- l V oT- n p^dm 



'w e (0 

where we have used the definition of C n h in the second line. We estimate the integral by 
changing variables on one W{(£) at a time. 



(3.6) 



< 



G\h\ w y]\(p\c^y^^))\\DT n \ V w T"| c i(^«.( S ))|p w oT n | c i (w ™.( S )) 



where W| n j(£) are the smooth components of T~ n We(£) as defined earlier. Note that o 
T n \c 1 (wp i (0) — ClPtA&iWeii-)) — C f° r some C independent of £ and £ using the estimate 
of equation (14.31) in Section 14.11 Also, the distortion bounds of Appendix A imply that 

llnT'Tll— 1 T T^l Il7~n~ , ™l~l T I 

W 1 ^ 1 I Jw 1 Ic^w^d)) S \ | j w i |c°(w^(€))- 

As n increases, elements of T~ n E become more closely aligned with the stable direction. 
So we may choose an ni, depending on (p, but not on I or £, such that for n > n\ and each 
h \ ( p\e 1 (w n -(i)) — ^dv^loo + \D S( p\oo)- F° r n > ni + n , using (|3.6|) . we estimate 

(3.7) / C n h V oT~ n dmt, e < C^UM^ + |£>Vloo) Y] I \DT n \- 1 J w T n \ C P (iW n. (()) . 
Jw t (t) i 

To estimate the sum in (|3.7p . we use Lemma [3.11 with q = 0. 

n „ 

J2\\ DT T 1 JwT n \ C o(wn0)<CJ28- 1 p n - k / \DT- k \dm + Cp n 
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This, together with (13. 7p . allows us to estimate (13. 5p . 
h<pdV < C|fc| u ,(M 00 + |£>V|oo) 



M 



\ l Je i k=l jM 



\DT- k \dV p n ~ 

Since the integral J M \DT~ k \dV = 1 for each k, the sum over k > 1 is bounded indepen- 
dently of n. This proves the lemma. □ 

3.3. Embeddings and Compactness. Notice that, by definition, | • \ w < C\\ ■ \\ s . This 
means that there exists a natural embedding of B into B w . In addition, if h G B and 
\h\ w = 0, it is immediate from the definitions (12. 2p . (12. 3p and (12 .4p that \\h\\ = 0, i.e. that the 
embedding is injective. Accordingly, we will consider B as a subset of B w in what follows. 

Remark 3.4. Lemma \S. 3\ implies that, for each h G B w and ip G C\ + , \h((p)\ < C\h\ w \<p\ c i , 

that is, C 1 ^ B ^ B w ^ {C\+) f . In fact, the inclusions are injective: if h\^h2 coincide as 
elements of {C\ + )' and they both belong to any of the spaces C 1 , B, orB w , then they coincide 
as elements of those spaces as well. This can be proven as in |GL| Proposition 4.1]. 

We can finally state the last result of this section. 
Lemma 3.5. The unit ball of B is compactly embedded in B w . 

To prove the above fact it is convenient to remark the following obvious result. 

Lemma 3.6. For any fixed W G E, the unit ball of \ ■ \c^{w) is compactly embedded in | • | w,a,q- 

Proof For fixed W, \ ■ \w,a, q is equivalent to | • |c?(W)- The lemma follows immediately. □ 

Proof of Lemma 13.51 Since on each leaf W G E, || • || s is the dual of | • \w,a,g an d | • |u, is 
the dual of | • |c x (M^) 3 Lemma [3761 implies that the unit ball of || • || s is compactly embedded 
in | • |w on W. It remains to compare the weak norm on different leaves. 

Let < e < Eq be fixed. The set of functions H is compact in the C 1 -norm so on each Mf, 
we may choose finitely many leaves W % G E such that {W 1 } forms an e-covering of E|^ i in 
the distance d-%- Since any ball of finite radius in the C 1 -norm is compactly embedded in C q , 
we may choose finitely many functions Tp^ G C 1 (/ ro ) such that {^} forms an e-covering in 
the C <? (/ ro )-norm of the ball of radius (1 + k) 2 in C l (I ro ). 

Now let h G ^(M), W G E, and y? G ^(W) with \ip\ c ^(w) < 1- Let F denote the function 
associated with W and as usual, let Gf be the lift of the graph of F to M.. Let Tp = ipoGp 
be the push down of ip to I r . Note that |^| c i(/ r ) < (1 + k) 2 . 

Choose W l such that d%(W, W l ) < e and Tp - such that \Tp — Tp-\ C q{i r ) < e. Let F l and Gp* 
denote the usual functions associated with the leaf W 1 and define ipj = Tp - o G^. Note that 
l^ilc 1 ™^) < (1 + /t) 3 - Then normalizing ip and ipj by (1 + k) 3 , we get 

hip dm- / h<p j dm < + k) 3 < s (l + k) 3 6 _1 ||/i||. 

w Jw i 

We have proved that for each < e < Eq, there exist finitely many bounded linear functionals 

£ij, £ij(h) = f Wt hipjdm, such that 

\h\ w < sup £ij(h) +e /3 Cb\\h\\ 
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which implies the desired compactness. 



□ 



4. Lasota-Yorke Estimates 
In this section we prove Proposition 12.71 

4.1. Estimating the Weak Norm. For h G C l (M), W G E and y? G C^W) such that 
Mc^w) < 1) we have 

(4.1) / C n h V dm = / h^—r ix>oT n dm= V / h^— V oT n dm 

Jt-^w \DT^ w j^J Wi \DT n \ 

where as before J\yT n denotes the Jacobian of T n along the leaf T~ n W. 
Using the definition of the weak norm on each Wi, we estimate (14. ip by 



[ £ n h V dm < \h\ w \\DT n \- l JwT n y {w ^oT n y m) . 



(4.2) 

w t ew n 

The disortion bounds given by equation flA.ip imply that 

\\DT n \~ l J w T n \ c i^ Wi) < C\\DT n \~ l J w T n \ c o( Wi y 

Also notice that 

(4.3) djT^T^) d s (x,y) " l*W < M*0<0 

for any x,y & Wi, so that |<^oT n | c i(yi/.) < C|</?|ci(w). Using these estimates in equation (14. 2p . 
we obtain 



/ 



C n hipdm < C\h\ w \tp\ c i(w) \\DT n \- l J w T n 



W WiCWn 



C°(Wi)- 



The above formula, together with Lemma [3.21 used in the case q = 0, yields the inequality, 



/ C n h ^ dm<C\h\ w (D n + p n )\ip\ c i 
Jw 



(W)- 



Taking the supremum over all W G E and cp G C l (W) with I^Ic^vk) — 1 yields the required 
estimate (12. 7\i . 

4.2. Estimating the Strong Stable Norm. Using equation (14. ip . we write for each W G 
E and ip G C 1 (PU, C) such that |^>|w;a,g — 1 3 

where ^ := ip oT n — r^-r J w <p oT n dm. Let us estimate the above expression. 

To estimate the first term of (I4.4p . we first estimate |^|c«(Wi)- 
Following equation (14.31) . we write 

(A <<\ WiT^x) - V {T-y)\ 

( 4 - 5 ) JJ^yy < C W \c HWi )Mc H w) 
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for any x, y G Wi. If H q (f) represents the Holder constant of /, then (14. 5 j) implies that 

co(Wi)-^ 9 (^) on approximate stable leaves due to the contraction of 

T n . Also, 



1 



(p o T n (im 



C°(W t ) 



< I sup cp oT n — inf 09 o T r ' 



This estimate together with (14. 5p and the fact that |<£>|w/a,g < 1, implies 
( 4 -6) Nc9(Wi) < C|^w r "lco( Wi )klc«(W) < Cl^w^lco^)!^! - "- 

Applying (14.61) and the definition of the strong stable norm to the first term of (I4.4p yields, 



(4.7) 



r t r r n 

E j w h ]ErT\^i dm ^ C E WhUWrWDTT'JwT* 



\c°(w r )\JwT n \ q c0[Wz) \W\ 



< C\\hUW\- a y% Y,\ W i\ a \\ DTn \~ l JwT n \ C o iWi ) < CD r 



qn 



where in the second line we have used Lemma [3.21 with q = a. 

For the second term of (14.41) . we use the fact that \p\oo < IW 7 ! - " to estimate J w p o 
T n dm < \W\~ a . Recall the notation used in the proof of Lemma [3.11 Grouping the pieces 
Wi = W™ according to most recent long ancestors, we have 



J2\ W \~° [ h\DT n \- 1 J w T n dm=J2J2 E \ W \~ a I hlDT'T^wT 11 



dm 



E \ w \~ a f 



h\DT n \- JwT n dm 



i<=J„(W°) 



where we have split up the terms involving k = and k > 1. We estimate the terms with 
k > 1 by the weak norm and the terms with k = by the strong stable norm, 



5>i 



h\DT n \- x JwT n dm 



w, 



\DT n \- x J w T 



W 1 \C°(Wi) 



^EE E m-°v 

k=ijeB k ie j n (w*) 
+ C E M-^hUW^llDT^JwT^co^ 

i6Jn(WP) 

Using equations (13. 3p and (13.41) from Lemma 13.11 with q = for the first sum and q = a for 
the second, we conclude 



(4.* 



8 ) ElflFT / ¥ oTndm I h\DT n \- 1 J w T n dm 

■ Wi\ J w . J w . 



< CDJ~ a \h\ w + C\\h\\ s p r ' 



Putting together (g2D and flUD proves fl2T8|) . 

\\C n h\\ s < C (D n ^ + p n ) \\h\\ s + C 5 D n \h\ w . 
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4.3. Estimating the Strong Unstable Norm. Consider two admissible leaves W l e E, 
dziW 1 , W 2 ) < e. They can be partitioned into "matched" pieces U* and "unmatched" pieces 
Vj. To do so consider the connected pieces of W l \S~. If one looks at their image under T~ n 
then one can associate to each point x G T~ n (W 1 U W 2 ) a vertical (in the chart) segment 
7a: G J 1 "" 1 , of length at most CX~ n e, such that its image under T n , if not cut by a singularity, 
will be of length Ce centered at x. We can thus subdivide the connected pieces of W l \ S~ 
into subintervals of points for which T Ur y x intersects the other manifold and subintervals for 
which this is not the case. In the latter case, we call the subintervals Vj and note that either 
we are at the endpoints of W l or the vertical segment is cut by a singularity. In both cases 
the subintervals Vj can be of length at most Ce and their number is at most L n + 2 J3 hi 
the remaining pieces the curves T U/ j x provide a one to one correspondence between points 
in W l and W 2 . We can further partition the pieces in such a way that the lengths of their 
preimages are between 5 and 26 and the partitioning can be made so that the pieces are 
pairwise matched by the foliation {7^}. We call these matched pieces f/j. In this way we 
write W l = (UjE/j) U (U^V^). Note that the unmatched pieces Vj must be short while the 
matched pieces Uj may be long or short. 

To be more precise, remember that to exactly describe the leaf T~ n Uj we must give 
ij,Xj,Tj, Fj so that T~ n Uj = \%j {G{ x ji r j> Fj)(I rj )) (see the end of section [3TTT) . Once the 
leaves T~ n Uj are described in such a way we have, by construction, that T~ n U 2 is of the form 
G(xj,rj, F 2 )(I rj ) for some appropriate function F 2 so that the point z := Xj + (t,Fj(t)) is 
associated with the point Xj + (t, F 2 {t)) E Xi^ (T~ n U 2 ) by the vertical segment Xi~ 1 (7xi j (^)) = 

{(0, ^Hen- 
Given <fi on W l with ly^lc^vK 4 ) < 1 an d d q ((pi,ip2) < e, with the above construction we 
must estimate 



(4.9) 



C n h(fidm— / C n h(f2dm 
w 1 Jw 2 



h\DT n \- l J w ,T n Vi oT n dm 



T-nyi 



+ E 



T~ n Uj 



h\DT n \~ 1 J w iT n (p 1 oT n dm 



h\DT n \- l J W 2T n y 2 oT n dm 



We do the estimate over the unmatched short pieces Vj first. Using the strong stable 
norm, we can compute, 



E 

(4.10) W 



h\DT n \- 1 J w T n ip i oT n dm 



rp-nyj 



< 



E 



1,3 



I T- n V\ | a | I DT n \~ 1 J w T n I C9 1 & I c» 



< C7||/i|| s ^|^| a ||DT n |- 1 (J w T ri ) 1 - 0[ |co < CV*||/i|| s L n A- 



1,3 



Next, we must estimate 



n —an 



E 



T~ n Uj 



h\DT n \- L J w iT n cpt oT n dm- 



T -nJj2 



h\DT n \~ L J w2 T n ip 2 oT n dm 



Without any loss of information (by throwing out at most finitely many points) , we can take each Vj to 
be the image of an open interval. Thus for fixed i, the Vj are disjoint. 
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First, recall that for each F G S, Gp{t) = x( x f + (t,F(t)) f° r * £ ^r- We define the map 
* : t/, 2 -> f/. 1 by * := T" o G F i o G~\ o T~ n and the function 

<p := [(p x ■ (\DT n \- l Jw^T n ) o T~ n ] o V ■ [(\DT n \- 1 J W 2T n ) o T - "] -1 . 

is well-defined on f/J and o T n \DT n \~ l J W 2T n ] o G F 2 = o T™|DT n | _1 J^/iT"] o G F i. 
We can then write 

E 



I h\DT n \- 1 J w iT n i Pl oT n - / h\DT n \- 1 J W 2T n ip 2 oT r 

JT-^-U 1 JT- n U 2 



(4.11) 



< 



E 



T~ n U] 



h\DT n \- L J w iT n (p 1 oT n - / h\DT n \- L J W 2T n <poT 



+ E 



JT- n U? 



We estimate the first sum in equation (14. lip using the strong unstable norm. 
The distortion bounds given by flA.lj) and the estimate of (14.31) imply that 

(4.12) | \DT n \~ l J w iT n ■ ipi o T n \ c i( T -njjj-) < (7|</Ji| c i(j7i)| \DT n \~ J w iT n \ c o(r- nu xy 

Also, by the definition of 0, 

Tw 2 



(4.13) 



\DT n \ 



<poT % 



Cl(T-«J7?) 



[ Vl o T n ■ (\DT n \- 1 Jw^T n j\ o G F i o G F l 



Ci(T-»0?) 



DT n \- l J w iT 



w il \co(T- n Uj)- 



By the definition of ^ and d q , 

d q {\DT n \- l J W 2T n (p o T n , IDT™]" 1 J w iT n (px o T n ) 

= [IDT"!" 1 J W 2T n (p o T n ] o G F 2 - [IDT™!" 1 Jw^T n y x o T n ] o G^i = 0. 
In addition, the uniform hyperbolicity of T implies that 

dx{T- n U},T~ n Uf) < C\- n e =: e x . 
This follows from the usual graph transform argument which is standard to hyperbolic theory. 



We first renormalize the test functions by Rj = C\ipi\ci ||-DT n | JjyiT™ 



c°(T- n u±) 



i \ . Then 



for each j, we apply the definition of the strong unstable norm with e\ in place of e. Thus, 



(4.14) 



I hlDT^JwiT 11 ^ oT n - I h\DT n \- x J W 2T n (p a T r - 

JT- n Uj JT-"Uf 



<C\\h\\ u X- n ^(D n + p n ), 

where we have used Lemma [3.21 in the last line with q = 0. 

It remains to estimate the second sum in ( 14. lip using the strong stable norm. We need 
the following fact. 
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Lemma 4.1. For each j , we have that 

\{\DT n \- l J w iT n )oG F i - {\UT l \- 1 J w %T n )oG F j\c< l < C\ \DT n \' 1 J w iT n \ c o iF - nU i ) e l ~ q . 

Proof. Throughout the proof, for ease of notation we write Jf for \DT n \~ l Jy/iT n . 

For any t G I r 2, x = G F i(t) and y = G F ?(f) lie on a common element 7 G T u . Thus T n [x) 

and T n (y) also lie on the element T n 7 G T u which intersects W 1 and W 2 and has length at 
most Ce. By (TO]) . 

(4.15) |Jf(x) - J 2 "(y)| < C\J?\ CO{T - nuj) d u (T n x,T n y) < Ce\J?\ c o {T - nuj) . 
Using this estimate and the fact that J" o G F i is C 1 , we write 

|(Jf o G F i(s) - J 2 ™ o GW*)) - (Jf o Gpi (t) - J 2 " o G F ,(t))| 2Ce| J?\ c o {T -n U}) 

(4.16) ; ; < 



l S -t\- 



Also, 
(4.17) 



\(J? o G F i(s) - J? o G F i(t)) - (J 2 n o G F 2(s) - J 2 n o G F 2(t))\ 



\s-t\ c - 



< 2C| Jf | C 0( T -n[/l)|s — t\ 



1-q 



\s-t\i 

Putting (14.161) and (I4.17P together implies that the Holder constant of o G F i — J 2 o G F 2 
is bounded by 

H 9 (J? o G F i - J 2 n o G F 2) < C\ Jr| c o (T -^) min{£|s - t\~\ \s - t^}. 

This expression is maximized when e\s — t\~ q = \s — i.e., when e = \s — t\. Thus 

# 9 (Ji n o G F i - J 2 n o G F2 ) < C\ Ji\ c o(T'" U i ) e 1 - q , which, together with (05]l . concludes the 
proof of the lemma. □ 

Using the strong stable norm, we estimate the second sum in (14. lip by 



(4.18) 



T~ n U 2 



h\DT n \' l Jw^T n (0-cp 2 )oT n 



< C\\h\\ s J2 \T- n U]\ a j \DT n \- 1 Jw*T n (v - <p 2 ) o T n 



Ci(T~ n U 2 ) 



In order to estimate the C 9 -norm of the function in (I4.18p . we split it up into two differences, 

|e?(T-«c/?) 



\\DT n \- 1 Jw^T n -{(p-ip 2 )oT n 
< C 



< C 



[(\DT n \- l JwiT n ) ■ ^ o T n ] o G F i - [(\DT n \- x J W 2T n ) ■ <fi 2 o T n ] o G Ff 
(\DT n \- 1 J w iT n ) o G F i \((fi! oT n o G F i -ifi 2 oT n o G F 2 



(4.19) 



+ C 



(\DT n \~ x J w iT n ) o G F i - (\DT n \~ 1 J W 2T n ) o G J V2 oT n o G F 2 



< C\ \DT n \ J w iT n 



^oFo G F} -ip 2 oT n o Gp2 



+ C 



({DT^- 1 J w ,T n ) o G F i - {\DT n \^J w *T n ) o G> 
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Note that the second term can be bounded using Lemma 14.11 To bound the first term, let 
F l G H be the function defining W % . Then setting atj := Gpl o T n o G F 2, we have that 

\otj\ci < C and 



y>! o T n o G F i - ft o T" o G F 2 



ipi o T n o G F i o q . 1 o a>j — <f2 ° T n o G F 2 o a • 1 



o a,- 



(4.20) 



| y>i O ^ O (jp2 O Qij — (f2 O (rp2 o a 



j'IC9(J r .) 



< C \ipi O $ O Gp2 — V?2 ° ^i?2| c 

< C |v?i o $ o G F 2 -^o GfAc^Iv-) + ^1^1° Gpi - ^ 2 ° G F 2\ C 

< C o Gpi o Gpl o^f o Gp2 — (fi o G F i 

Thus we need the following final estimate. 



Cdg (</?!, </? 2 )- 



Lemma 4.2. For a fixed Uf, let J C J r2 fre an interval on which G F \ o $ o G F2 zs defined. 
Then 

|Id-G-Jo*oG Fa | C i (J) <Ce. 
Proo/. Recall that * = roG F ,o o T" n . The function :=G f io G^ 1 maps a point 

J 3 J 3 

x G T~ n Uj to a point y G T~ n Uj which lies on an curve 7 G T u containing both x and y. 
Thus ^ maps T n (x) to T n (y) and these two points lie on T n 7 G •T-*". By the transversality 
of the family JF", this implies that d u (T n x, ty(T n x)) < Ce where d u denotes distance along 
curves in T u . Then 

|/d-G F lo^oG F 2| c o (J) = \G- F \oG F r-G-\o^ oG F 2\ < \G F l\ c x\G F i-^oG F 2\ 
< (1 + k)(\G f x -G F 2\ + \G F 2 -tyoG F 2\) < (l + «)(e + Ce). 

Closeness in the C 1 -norm follows from the fact that all the functions involved are bounded 
in C 2 -norm, \G F i — G F 2\ c i < e, and 



\dV-l\ = \d{T n o<j>j or 



JwT T 



o T- n ) 



J w T n (T~ 



< Ce 



where d denotes differentiation along T n W and in the last inequality we have used distor- 



tion estimate (IA.1I) . 

We can now estimate equation (14.201) using Lemma 14. 2\ 

<P! o T n o G F i -ip 2 oT n o G F 2 



□ 



< C |^i o G F i o (Gpl o * o G F 2 - Id)| Ce(/ , + y?2 



< C|y?i o G F i| C9(/rj) |/(i - Gpi 0^0 G^lci^) + Ce 

< Ce x - q + Ce. 

The above, together with equation (I4.19P and Lemma [4.11 implies 



(4.21) 



DT n \- L J w2 T n ■ (0 - <p 2 ) oT n \ c 



i(T- n U?) 



< Ce 1 -'] | J DT n r 1 JwiT n 



\C°(T-"U 2 )- 
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Since 1 — q > (3, we can use (I4.2ip and (14. 18|) to estimate the second sum of (14.111) by 



3 

(4.22) 



/ h\DT n \' 1 Jw^T n (0-ip 2 )oT" 

JT~ n Uf 

< C||fe|| s e 1 -«^|T- n t^| a | \DT n \- x J W 2T T 



\C°(T- n Uh 



J 



< C\\h\\ a D n \WTe* 

where in the last line we have again used Lemma [3.21 with q = a. 

Combining the estimates from equations (I4.10p . (14.141) . and (I4.22p . we obtain 

\\C n h\\ u < C\\h\\ u \' Pn D n + C\\h\\ s (D n + L n \- n fi- an ). 

This completes the proof of (12.91) . 

5. Spectral Picture 

From the Lasota-Yorke estimates (I2.10p and the compactness it follows by the standard 
Hennion argument (see [Bl] for details) that the spectral radius of £ is bounded by (Dn)n 
and the essential spectral radius by t(Dn)n where one can take N arbitrary large provided 
b is chosen sufficiently small. But since norms with different b are all equivalent, the spectral 
radii are insensitive to the choice of b. Accordingly, fixing b small enough once and for all, we 
see that the spectral radius of £ is bounded by D* := limsup Dl/ n and the essential spectral 

n— >oo 

radius is bounded by tD*. To proceed we need an estimate of .D*. 
5.1. Spectral Radius. 

Lemma 5.1. Let r be such that \\C n \\ < Cr". Then D n < 5 a ~ l Cr n . 
Proof. For each W e S, 

5 a-i^ w] ~ a I \DT- k \dm = 6 a - 1 \W\- a [ C k l<5 a ' 1 \\C k l\\ s <5 a - 1 Cr k . 
Jw Jw 
Taking the supremum over W and < k < n yields the lemma. □ 

Remark 5.2. Lemma \5J\ implies that is bounded by the spectral radius of £ and since 
the Lasota-Yorke estimates imply the reverse inequality, we conclude that in fact is the 
spectral radius of £ on B. 

Thanks to Lemma 13.31 and Lemma 15.11 we can prove the following characterization. 

Lemma 5.3. The spectral radius of £ on B is one and the essential spectral radius is r. 
In addition, calling V the eigenspace associated to the eigenvalues of modulus one, then £ 
restricted to V has a semi-simple spectrum (no Jordan blocks). Finally, V consists of signed 
measures. 

Proof. Recall that by quasi-compactness, the part of the spectrum larger than rD* is of 
finite rank (see [BlJ). Now, let z be in the spectrum of £, \z\ > max{l, r/)*}. Then there 
must exist an h G B such that £h = zh. Accordingly, for each ip E C 1 , since ip o T n e C\+ 
for all n e N, 

|%0| = \z\- n \£ n h(p)\ < \z\- n \h{ipoT n )\ < |z|-^||/i||(|^U + /4|I}VU 
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by Lemma 13.31 

Thus, if \z\ > 1, we have h(<p) = for each ip G C 1 , which implies h = by Remark 13.41 
On the other hand, if \z\ = 1, then it follows that \h(<p)\ < C\\h\\ ■ \f\oo, so h is a measure. 

Next, suppose tD* > 1. By the preceding paragraph, the spectral radius of C can be at 
most tD*, thus < tD*, which is impossible since r < 1. Hence, the spectral radius is 
£>* = 1. 

It remains to show that there are no Jordan blocks corresponding to the peripheral spec- 
trum. Indeed, suppose that there exists z G C and ho, hi G B such that \z\ = 1 and h ^ 0, 
Ch = zh , Chi = zhi + ho- This would imply z~ n C n h\ = nz~ l h$ + hi, and thus 

n\h ((p)\ < \hi((p)\ + C|M|(Moc + f*+\D'(p\°o)- 

Dividing by n and taking the limit as n approaches infinity, it follows that ho = 0, contrary 
to the hypothesis. □ 

Remark 5.4. Note that Lemma \5. 3\ implies \\C n \\ < C for each n G N, hence Lemma \5. 1\ 
implies D n < Cs for all n E N. 

5.2. Peripheral Spectrum. The following two lemmas prove Theorem 12. 8[ points (1-4) 
and part of (5). The rest is proved in Section [5731 

Let We be the eigenspace associated to the eigenvalue e 2md . For the rest of this section, 
we use m to denote normalized Riemannian volume (Lebesgue measure) on M.. 

Lemma 5.5. Recall that Jx := Hoi. Then, 

(i) All the measures in V are absolutely continuous with respect to p,. Moreover, 1 belongs 
to the spectrum. 

(ii) There exists a finite number of G N such that the spectrum on the unit disk is 

Ufc{ e n 9k '■ < p < qt, p E N} . In addition, the set of ergodic probability measures 
absolutely continuous with respect to ft form a basis oJYq. 

(iii) For each \i G V, n G N, we have /i(«S* e ) < C n e a . In particular, /x(«S^) = 0. 

Proof, (i) Let Ug be the eigenprojector on Ye. The fact that the spectrum outside the circle 
of radius r consists of only finitely many eigenvalues of finite multiplicity implies that the 
limit 

1 n— 1 

(5.1) lim -V e -^ idk C k = U e 

k=0 

is well-defined in the uniform topology of L(B,B). Moreover, Ho is obviously a positive 
operator and, by density, Ye = HeC 1 . 

Accordingly, for each \i G Y$, there exists h G C 1 such that Ueh = \i. Thus, for each 
ip G C 1 

(5.2) 1/^)1 = \U 9 h(<p)\ < \h\ooUoli\ip\) =: Ih^fidvl). 

That is, each probability measure /i G is absolutely continuous with respect to p. More- 
over, setting hfj, := j^, we have h^ G L°°{M.,p). This implies fx ^ 0, otherwise the spectral 
radius of £ would be strictly smaller than one, which, recalling Remark 13.41 yields the 
contradiction 

1 = | m (l)| = |£ n m(l)| = lim \C n m{l)\ < lim C\\C n m\\ = 0. 

n— +oo n^oo 

Hence one belongs to the spectrum. 
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(ii) Next, for /x G Yg and each ip G C 1 

= e~ 2me [ if o ryp = e" 2 ^ e / tphu o r _1 d/2. 



Accordingly o T" 1 = e 2lT%e h^ fi a.e. This in turn means that, setting, h^k '■= (h^) k G 
L°°{M.,jx), since the measure d^k '■= h^kdfi belongs to B for each k G Njj then = 
e 2mke Hk- That is, e 27nfc6> belongs to the peripheral spectrum and since the peripheral spectrum 
consists of a finite number of points, it must be that 9 G Q. 

Now let fi G Vo and choose h G C 1 such that fi = U h. We can then write h = h + — h-, 
h± := max{0, ±h}. Since h± are Lipschitz functions, they belong to B. We can then define 
\i± := H\h±. Thus Vo is the span of a convex set of probability measures. 

Next, assume that Q is an invariant set of positive fi measure, then for each e > there 
exists a smooth function cp E > such that /2(|Idn — <^ e |) < e. Thus, for each continuous 
function <ft 

p,{<p e 4> o T n ) = /i(ld n o T n ) + e>0#U) = /2(Idn0) + C(£|0|oc) = £fa 6 0) + 0(<#U)- 
On the other hand 

^ n— 1 

iim -V^or) = n 1 ( / i £ )^ 

fc=0 

where /i e (0) := fi(ip E <f>). By the arbitrariness of e it follows, setting fia((f>) : = /x(ld^0), that 
fin £ Vo and, since Vo is finite dimensional, that there are only finitely many invariant sets 
of positive fi measure and the ergodic decomposition yields a basis of V . 

(iii) Finally, let fi G V. By hypothesis, the tangent space of S~ is bounded away from 
C s . Calling <S~ e an e neighborhood of <S~, set fi e (<p) '■— fi(Id s - (p). Let h n be a sequence 
that converges to fi in B, then it is immediate to check that h nje {tp) := h n (Id s - ip) belongs 
to B w . In addition, 

/ iph n>e dm= / iph n dm < C m \\h n \\e a , 
Jw Jwns^ c 

for p G C 1 (W / ). In the same way one has that h n ^ is a Cauchy sequence in B w , thus it must 
converge to fi e (p) '■= A t (Id 5 - <^). Since /x e (l) < C m e a , the regularity of fi implies fi(S~) = 0. 
The result follows since TS + = S~. □ 

Remark 5.6. For uniformly hyperbolic maps with singularities, the estimate fi(S^) < Ce a 
is enough to conclude the existence of stable and unstable manifolds for fi-a.e. x G M. using 
the standard Borel-Cantelli argument (see, for example |LWj ). In fact, from the ergodic 



decomposition proved in Lemma \5. 7[ it follows that stable and unstable manifolds exist for 
m-a.e. x G Ai. 



9 Just consider h G C 1 such that fi(\h — h^k\) <£• Then setting dv := hdfi, 

^ n— 1 

{U k giy - Hk)(<p) < lim - V* p{\h - /i„ fc | o T^)]^^ < e 

n—too ri L — ' 

Hence, is an accumulation point of elements of V and so it belongs to V. 
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Recall that to each physical measure \i is associated a positive Lebesgue measure invariant 
set such that, for every continuous function /, 

j 71—1 

lim -V/CTV) = n{f) WxeB,. 

n^oo TL ' 
i=0 

Lemma 5.7. Lei T be a piecewise uniformly hyperbolic map as described in Section^ 

(i) T admits only finitely many physical probability measures and they belong to Vo- 

(ii) The ergodic decomposition with respect to Lebesgue and with respect to ft coincide. 

(iii) The forward average for each continuous function is well defined m-almost everywhere 
and the ergodic decomposition with respect to Lebesgue corresponds to the supports of 
the physical measures. 

Proof, (i) Let /i be a physical measure and take a density point x of the associated set 
Bp. Then for each e > there exists an open set U containing x such that m{B^ n U) > 
(1— e)m(U). Consider a smooth probability measure supported in U, such that fiu(B^) > 
1 — 2e. Then for each / £ C°, 

^ n—1 1 n—1 

IW/) = lim = lim -VM/o^MflJ + Od/Ue) 

n— »oo 77, • n^oo 77, • 

A;=0 fc=0 

= ^(Idfl„)A*(/) + Od/U) = M/) + 0(1/ U)- 

This means that \i can be approximated by elements of V an d therefore fi £ Vo- in addition, 
since the physical measures are ergodic by definition, it follows that they must belong to the 
ergodic elements of V . 

(ii) Consider an invariant set A of positive p, measure such that p, restricted to A is 
ergodic. If we consider the set A u := [j xeA W u (x)\^ then T' X A U C A u and p(A u \ A) = 0. 
Indeed, for each continuous function ip the backward average on A u coincides with the 
backward average on A and hence equals /i^Id^)/!^) -1 /i-a.e., by ergodicity. In addition, 
for each e > there exists ip £ C° such that p,(\<p — ld A \) < e. But then 

^ n—1 

lim - p o T~ k ld Au = p,(ipld A )p.(A)~ 1 ld Au fi-a.e. 

n— >oo 77, ' 
k=0 

Integrating, we have p,(<pld Au ) = p,(ipIdA)p.(A)~ 1 ft(A u ) , which yields 

fl(A) = ft(A u ) + 0(e) 

which, by the arbitrariness of e, proves the claim. 

Next, consider the neighborhood of the singularity S$. By Lemma [5.5( iii) it follows that 
HSs) < CS a , hence setting S* 5 := [j m€Z T m S SH - 2/a we have fl{S* s ) < C5 a J2 m€Z \m\~ 2 < 
C5 a . Hence, by choosing S small enough and setting B := A u \ Sg, it holds that ft(B) > 0. 
In addition, for each x £ B the manifolds W u (x), W s (x) have length at least 5 (see, e.g., 
[LW]). Define B e to be the e-neighborhood of B. 

Finally, for each n £ N let U n = (J K& K n Kf]B S / 2 , and U n := U n f)B S u, clearly U n+1 C 

f/ n . Setting _B := (\eN ^»»> we nave A*(-S \ AJ = 0. Indeed, if x £ B \ A u , then, for each 

10 By W u (x), W s (x) we designate the unstable and stable manifolds of x, which exists /I-a.e. (see Remark 
I5.6p . Hence, by eventually changing A on a set of zero JX- measure, we can assume A <Z A u . 
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n£N, there exist y n G A u \ 5| and K n G fC n such that x, y n G K n . On the other hand each 
W s (y n ) has size 5, by construction. We can then extract a converging subsequence {y nj }, 
and call W the limit of W s (y n ). It is easy to check that W is a stable manifold and since 
in the transversal direction the map is expanding it must be W = f] n K n . Accordingly, 
W C W s (x). The uniform transversality of the stable and unstable manifolds implies then 
that W u (y n ) H W s (x) ^ for n large enough. Hence, W s (x) n A u ^ 0, that is B C A u>s := 
[J xe A W 8 (x). The claim follows then since one can prove fi(A u>s \ A u ) = by the same 
argument that established p,(A u \ A) — 0. 

In addition, by the regularity of both p, and m, for each k G N and e > 0, there exists n £ 
such that 

fc 

fL(U ne \B)+ y *r t C h m(U nt \B) <e. 

3=0 

Let be a smooth function such that <f ) \ Bs/4 — 1 and supp0 is contianed in Bg/2- Clearly 
(pld Un G C\ +) we can the use the above inequality and Lemma [3731 to write 

<->n 

1 ^ 

/x(B) = a*(U«.) + 0(e) < fl(Id Un J) + 0(e) = - ^ C j m(Id Urie 4>) + ^(fc- 1 + e) 

3=0 

= t cjm (B) + Oik' 1 +e)<-J2 £ j ™(A u ,s) + 0{k~ l + e) = m(A„, s ) + + e). 

By choosing first k large enough and then e sufficiently small, we have m(A U}S ) > 0. 

Next notice that if A U)S is not an ergodic component for m, then there exists an invariant 
set of positive m-measure that will support a physical measure, but such a measure would 
belong to Vo by point (i) and this would be a contradiction. 

(iii) The preceding argument also implies that if /ij is a basis of Vo made of ergodic 
measures, then they are physical measures and {B^} corresponds to the ergodic decompo- 
sition with respect to Lebesgue. In addition, since m(5 M J > Ji(B^ and ^//(-B^J = 1, the 
inequality must be an equality and the forward average for each continuous function is well 
defined m-almost everywhere. □ 

5.3. Statistical Properties and Ruelle Resonances. In addition to providing informa- 
tion about the invariant measures, the established spectral picture has other far reaching 
implications. To discuss them let us define the correlation functions. For each f,g G C 13 
define 

C») :=fi(fgoT")-mf)fi(g). 

If the system is mixing (that is, one is the only eigenvalue on the unit circle and it is simple), 
then for each a larger than the norm of the second largest eigenvalue (or r if no other 
eigenvalue is present outside the essential spectral radius) holds 

(5-3) \C f , g (n)\ <Ca n \f\ c ,\g\ c0 . 



In other words we have the well-known dichotomy: either the system does not mix or it 
mixes exponentially fast (on Holder observables) . 
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More generally, we can define the Fourier transform of the correlation function: 

Cf, 9 {z) :=5>*C/». 

The above quantity is widely used in the physics literature where usually one assumes that it 
is convergent in a neighborhood of \z\ — 1 (here this follows already from (I5.3P ) and it has a 
meromorphic extension on some larger annulus. The poles of such a quantity are, in principle, 
measurable in a physical system and are called Ruelle resonances (see |Rull IRu2| |PP1[ |PP2| ) . 
Due to our results we can substantiate the above picture for the class of systems at hand. 

Indeed, note that we can assume, without loss of generality, /i(/) = fl(g) = and that if 
we define /i/(<£>) := fi(f(p), fM g ((p) '■= fi(g^p), then fif,fi g G B. thus, 

oo oo 

n=0 n=0 

oo oo 

n=0 n=0 

= (z- c)-^ f (g) + (z- 1 - £)-V s (/) - fl(fg)- 

It is thus obvious that the desired meromorphic extension is provided by the resolvent and 
that the poles are in one-to-one correspondence (including multiplicity) with the spectrum of 
C More precisely we have a meromorphic extension in the annulus {z6C : r < \z\ < t -1 }. 

Remark 5.8. Note that the above fact shows that the spectral data of the operator £ on B 
is not a mathematical artifact but has a well-defined meaning which does not depend on any 
of the many arbitrary choices we have made in the construction of our functional analytic 
setting. 

Remark 5.9. In the present situation the best one can do is to choose a = [3 = q = |; 
moreover, if one assumes that M{n) grows sub- exponentially (this is the case for billiards), 
then one has (assuming for simplicity A -1 = that r can be chosen arbitrarily close 
to A - 2. At the moment it is unclear if such an estimate for the size of the meromorphic 
extension is real or is an artifact of the method of proof. 

Another result that can be easily obtained by the present method is the Central Limit 
Theorem. Let / G C 13 with p,(f) = and define S n (f) := Ylk=o f ° T k - Then 

- (e - i2 S n) = £ n- (l) 

where C z is the operator defined by C z h((p) := h(e~ lz ^ip oT). Since C z depends analytically 
on z, one can use standard perturbation theory to show that the leading eigenvalue is given 
by 1 — az 2 , where a is the variance. Accordingly 

(2 \ n 
I-—) =e~ r7z2 
n ) 

which is exactly the CLT. Other types of results (e.g. large deviations) can be approached 
along similar lines (see II llTl ICGf] for more details). 
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6. Perturbation Results 

Recall from Section 12.41 the set T b* of maps T that satisfy the same assumptions as T 
in Section [2j In this section we derive results for several classes of perturbations and prove 
Theorems ESI and EH 



6.1. Deterministic Perturbations. 

Lemma 6.1. // two maps Ti, T 2 G Tb, satisfy 7(Ti,T 2 ) < e < Eq, then for each h G B, 

\C Tl h-C T2 h\ w <C b e^\\h\\. 

Proof. For e < Eq, we may choose the set of approximate stable leaves £ so that T^E C X 
for i = 1,2. And similarly for the approximate unstable family T u . 
We first fix a leaf W G £ and (p with |y|<n(w) — 1 an d write 



(£21 — Cr 2 )h (p dm — / h\DTi\ 1 J w Ti<poTi — / h\DT 2 \ 1 Jv/T 2 i poT 2 . 
w ~ Jt^w Jt~ 1 w 

Away from singularities, W and T 2 ~ 1 W are e-close so we may partition T^W and T 2 ~ l W 
as we did in Section 14.31 

Let N~ denote the e neighborhood of the union of the singularity curves of Tf 1 and T 2 X . 
Consider one component Uj of W\N~ . By assumption, we may choose functions defining 
the curves T~ l Uj such that d E (Tf 1 [/,,■, T-f 1 [/,,•) < e. (If max{|Tf x Uj\, \T 2 l Uj\] > 25, we 
further subdivide Uj so that all components of T^Uj and T 2 ~ Uj have length between 5 and 
25.) 

Denote by Vj the connected components of W D iV~ and note that \Vj\ < Ce and that 
there are at most L + 2 such pieces. 

We estimate the integrals over the pieces T^ l Vj similarly to (I4.10p 

(6.1) ^ f hlDT^JwTiipoTidm < l7||/i|| s | ^| Q A" V" < C\\h\\ s e a . 

We split up the integrals over the Tf l Uj as follows, 

/ /i|DTi| _1 JiyTi o Ti dm — / h\DT 2 \~ 1 Jy/T 2 p T 2 dm 

(6.2) = V / hlDT^JwT^o^dm- / /i/dm 

+ y / ^(/ - I^T 1 J W T 2 ^ o T 2 )cim 

where / = [\DTx\~ 1 J w Tx <p o Ti] o G F i o G~\. Note that dqi^DT^ 1 J w Ti <p o Ti, /) = so 
that the first term of (16.21) can be estimated by 



(6.3) £ 



/ hlDT^JwT^o^- [ hf 



<Ce p \\h\\ u . 
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We estimate the second term of (16. 2\i using the strong stable norm. We follow (14. 19[) to 
estimate the C^-norm of the functions involved. 



1/ - \DT 2 \ 1 J w T 2 f o T 2 \ cq(T -i 



< C^DT^JwT^ o TJ o G F i - [\DT 2 \~ l J w T 2 y o T 2 ] o G F? \ C < 

< C\(p oTioG F i — ip oT 2 o G F 2\ C q(i r .) 



+ CKlDT^JwT^ o G F i - (\DT 2 \- L J W T 2 ) o G F? \ C 



The first term can be bounded using an estimate analogous to (I4.2(jp and Lemma 14.21 The 
second term can be bounded using Lemma 14.11 and the fact that \T% — T 2 \ C 2 < e on C/j. 
Putting these estimates together, we conclude that \f — \DT 2 \~ X J\yT 2 (p o T 2 \ci < Ce x ~ q so 
we may estimate the second term of (16.21) by 



/ h(f - \DT 2 \~ l J w T 2 ^p o T 2 ) < Ce l - q \\h\ 
Putting this estimate together with (16. ip and (16.31) . we have 



(6.4) 



C^hipdm — / CT 2 h(pdm 



w 



< C{\\h\\ s e a + \\h\\ u e p + \\h\\ s e 1 - q ) < Cb~ x e? 



Taking the supremum over all W G £ and <p G C 1 (IV) yields the lemma. 



□ 



Lemma EH] implies \\\Cti — £>t 2 \\\ < Ce 13 whenever 7(Ti,T 2 ) < e. Since both 7\ and T 2 
satisfy the Lasota-Yorke inequalities ( I2.7I) - (12.9I) . we may apply the results of [KLj to our 
operator C : B — > B w . 



6.2. Smooth Random Perturbations. Recall the transfer operator C Vy9 associated with 
the random process defined in Section [2731 For the remainder of this section, we fix constants 
A, [A, /i + and D n such that (12. ip and (12.61) are satisfied for all T G X £ . 

The following is a generalization of Lemma 16.11 which shows that the transfer operator 
associated with the random perturbation is also close to Cp in the sense of |KL] . 



Lemma 6.2. |||£, 



£t\\\< ChAe 13 . 



Proof. Let h, tp G C X (.M), \tp\c 1 < 1> an d WgS. Then using (16. 4p of Lemma [6.11 

(£ Tu h(x) - C T h{x)) <f(x) g(u, T^x) dmdv 



C V) gh ip dm — / Cph <p dm 
u Jw 




n Jw 



< 



C h eP\\h\\\g{uj,-)\ C idp{oo) < C h Ae p \\h\ 



□ 



We next prove uniform Lasota-Yorke estimates for the operator C v ,g- First, we need to 
introduce some notation. Let uJ n = {u\ 
similarly DT Wn = Tl^DT^. (T^J . 



,u n ) G n n . We define T s 



T Wn o---o T W1 and 
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Lemma 6.3. Let A(u,g) < e. For e sufficiently small, there exists 5q > and a constant 
C = C a ,A, such that for all h £ B, 5 < 5 Q and n > 0, C ug satisfies 

\C-l g h\ w < CD n \h\ w , 

KJiW, < Cmax{p,n q + } n D n \\h\\ s + C s D n \h\ w , 

Proof. The proofs follow from those of Section HI except that we have the added function 
g(uj,x). Notice that 



Cl g h(x)= [ hoT^\DT^(T^)\- lll U9^J,T, 



7 1 o • • • o T~ x x) dv n (oJ n ). 



Estimating the strong stable norm. For any W £ E, we define the connected pieces 
Wi of T^W inductively just as we did for T n W in Section H~T1 Following the estimates of 
Section H~2l we write 



(6.5) 



/ £™ g h(pdm= / yN / h<Pi\DTv n \ 1 J w T w jr j=l g{u j ,T Wj _ 1 x)dm{x) 

+ TT7FT / V? o7 k I h\DT w X lj wT w Jl% l g{u j ,T^ j _ 1 x)dm(x)\diJ n (uj n ) 
Wi\ J w . J w . J 

where lp i = <p o T Wn - f w . cp o T^ n . We fix u n and define G Wn (x) = Xl^ =1 g{uj, T^.^x). 
To estimate the first sum in (16.51) . we note that (14.61) implies 

IVilcziWi) < C\J w T Wn \ q cQ{w ^\W\~ a . 

Then, using (14. 7p . we estimate 

J2 hT Pi\ DT ^ I ~ l JwTu n G Wn dm 

i J Wi 

(6.6) < X^^ll^ll 5 '^'"! \DTjjJ- 1 J w T Tn J C v(w l )\Wc<i(w l )\GTn n \c<i(w l ) 

i 

< y^^ii^iu^rii^^r^w^jco^)! JwTzjj q C o (WA \w\~ a \G ZJn \ C 'i(w t )- 

i 

The only additional term here is \G^ n \ci(Wi), which we now show is bounded independently 
of n and Wi. 

Sublemma 6.4. Let Wi G X be a smooth component of W . There exists a constant 
C > 0, independent of W , n and ZJ n such that 

|nj =1 sKT^^| CWi) < CU^g^T^x) 

for any x £ Wj. 

Proof. The proof follows the usual distortion estimates along stable leaves. For any x, y £ Wi, 

oo 

< Aa~ 1 C/xj h ~ 1 (i(x, y) =: Cod(x,y), 

3=1 
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using property (iii) of g. The distortion bound yields the lemma with C = Coe c °. □ 
The sublemma allows us to estimate (16.61) using (j4.7p . 



(6.7) 



E 



/ htpi\DTu n \ 1 J w T Wn G r3n dm < C\\h\\ s D n ij l f'Uj =1 g(u j ,T t3j _ 1 x it 



where is some point in Tjr W . 

We estimate the second term of (I6.5P in a similar way according to (14.81) . Each time, we 
replace |GW n |ca or I^Wlc 1 according to Sublemma 16.41 



S^TtFT I V oT Un dm [ h\DT Wn \ x J w T Wn G^ n dm 
■ \Wi\ J w . j Wi 



< {CWh^ + CsD^hUUJ^giuj,^^) 
Combining this estimate with (16.71) . we have 

/ C Twn fup dm < (C\\h\\ s (D n pf + p n ) + C s D n \h\ v ,)I% =1 g(u j ,T TSj _ l x.) 
Jw 

Now integrating this expression over Q n , we integrate one Uj at a time starting with u n . 
Note that J n g(u n ,T Z j n l x^)dh , (u n ) = 1 by assumption on g since T^^x* is independent of 
u n . Similarly, each factor in G TDn integrates to 1 so that 

IIOII, ^ C\\h\\ s {D n p% + p n ) + C s D n \h\ w 

which is the Lasota-Yorke inequality for the strong stable norm. 

The inequalities for the strong unstable norm and for the weak norm follow almost iden- 
tically, always using Sublemma 16.41 □ 

6.3. Hyperbolic Systems with Holes. We adopt the notation and conditions introduced 
in Section 12.51 The first lemma shows that we can make the operators L and Ch arbitrarily 
close by controlling the "diameter" r of the hole along elements of E and the number P of 
connected components of the hole that a leaf can intersect at time 1. 

Lemma 6.5. Let H be a hole satisfying assumption (HI). There exists C > depending 
only on T such that 

\\\C-C H \\\ < CPr a . 

Proof. Let h G C\M), W G E and <p G C\W) with < 1- Recall that M 1 C M\H 

is the set of points which remains in M. until at least time 1. Let Imxm 1 denote the indicator 
function of M\M l . 

I (C — Cn)h cp dm = / £(l M \ M ih) <p dm 
Jw Jw 

= / h Lp oT\DT\~ l J w T dm < ||/i|| s |Wj| a |</? o T\ Cq(w J IDT]' 1 JwT\ c on^.\ 

Jt-i-wdmxm 1 ^ 

where Wi are the connected components of T~ X W D Ai\A4 l , i.e. the pieces of T~ 1 W which 
are in the hole at time or 1. We recall from the estimates of Section H] that \p oT\ cq( ^ w ^ < 

\(f\c<i(w)- Also, the distortion bound (1A. If) implies |JwT||Wj| < C|TWi| . We then have 

/ (£ - C H )h ipdm< C\\h\\ a J2 \TWi\ a < C\\h\\ s Pr a , 
Jw 
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which completes the proof of the lemma. □ 

The next proposition proves uniform Lasota-Yorke estimates for Ch which are independent 
of H satisfying assumptions (HI) and (H2). Once it is proven, we may use it in combination 
with Lemma 16.51 to invoke the results of [KLJ and conclude that the spectra of C and Ch 
are close if r is small. This proves Theorem 12.181 

Proposition 6.6. Let H be a hole satisfying assumptions (HI) and (H2) of Section \2. 51 and 
let pi := ytf^ < 1. Choose (3 < a/2. There exists 5 > 0, depending only on P , such that 
for all h G B , 5 < 5 and n > 0, C H satisfies 

(6.8) \C n H h\ w < CD n \h\ w , 

(6.9) \\jC n H h\\ s < C max{pi,/4} n A, II h || s + C 5 D n \ h\ w , 

(6.10) WChHu < CX^ n D n \\h\\ u + C(D n + (L n + P n )\- n p- an )\\h\\ s . 

Proof. Our estimates follow closely those of Section HI so to avoid repetition we indicate 
only where the presence of the holes requires us to modify those estimates. First notice that 
Lemmas 13.11 and 13.21 hold for the map with holes with pi in place of p. This is because the 
definition of the elements Wf of Wk and their tree-like structure remains unchanged. The 
number of connected components of T~ n W may be greater, but the growth of the number 
of short pieces is controlled by assumption (H2). Summing up to most recent long ancestors 
as we did in the proof of Lemma [37T1 and using (H2), we see that equation (13.11) becomes 

£ iW^WDTT'JwT^coiwn < C\\DT k \- 1 J w T% 0{wt) \W^ P r k . 

i&J n {Wf) 

The proof of expressions analogous to equations (13.2p - (13.4p is now identical to the proof of 
Lemma I37T1 We conclude that 

(6.11) J2\ W ?\ g \\ DTn \~ lj w Tn \c<>(w t n < CD n 5*- a \W\ a + C\W\<p?. 

i 

Estimating the weak norm. For any h E C 1 (A / (), W G £ and (p G C l (W) with I^Ic^vk) ^ 
1, we have 

I C n H hipdm = V / h\DT n \- 1 J w T n ipoT n dm 
Jw w^w n Jw i 

< C\h\ w WDT^JwT^ 

c°(w") — CD n \h\ w 

Wi€W„ 

where in the last inequality we have used (16.111) with q = 0. This proves (I6.8p . 

Estimating the strong stable norm. As in Section H~2| we define Tp i = (poT n — |^ry J w . V 90 
T n . Equation (14.71) remains unchanged, 

V f h\DT n \- 1 J w T n cp i dm<C\\h\\ s D n fj l q { 1 . 

The estimate for equation (14. 8 p is modified slightly according to (16.111) . 

V-^— f <poT n dm [ h\DT n \- 1 J w T n dm<C\\h\\ a p^ + C s D n \h\ v> . 
. \Wi\ J w . J w . 
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Combining these two estimates, we see that 

\\C n H h\\ s < C\\h\\ s {D n ^ + p») + C s D n \h\ w , 

which proves (16. 9j) . 

Estimating the strong unstable norm. Given two admissible leaves W l and W 2 satis- 
fying d^W 1 , W 2 ) < e, we partition them into long pieces C/j and short pieces V£ as in Sec- 
tion S3] where for each j, the pieces Uj and U 2 are paired up so that d^(T~ n Uj ,T~ n U 2 ) < 
C\~ n e. The introduction of the hole only increases the number of unpaired pieces V£: if 
part of T~ n W 1 has fallen in the hole while the corresponding part of T~ n W 2 has not, then 
a piece V 2 C W 2 is created. We estimate the size of V fc 2 using assumption (HI). 

Suppose the part of W 1 corresponding to V 2 falls in the hole at time i < n. If the 
boundary of the hole at that point is strictly convex with curvature greater than B, then 
\T~ e V^\ < Cyfe and so |V fc 2 | < C^/e as well. On the other hand, if the boundary of the hole 
is transverse to the stable cone, then the estimate improves to |T~^V fe 2 | < Ce. Notice also 
that there can be at most L n + P n + 2 pieces V£. 

Using this bound on the V£, (14.101) becomes, 

V f h\DT n \- X JwT n ^i°T n d™ < C\\h\\ a J2\V£\ a \ iDT^iJwT 71 ) 1 ' 

< - jT ~ n n i,k 

<Ce a / 2 \\h\UL n + P n )\- n fi- an . 

The estimates on the paired pieces C/j do not change so putting together equation (16.121) 
with (14.141) and (I4.22p . and using the fact that a/2 > j3, we have 

\\C n H h\\ u < CX-^D n \\h\\ v + C\\h\\ s (D n + (L n + p n )\~y- an ). 

This completes the proof of (I6.10p . □ 

Appendix A. Distortion Bounds 

The following are distortion bounds used in deriving the Lasota-Yorke estimates which are 
standard for uniformly hyperbolic C 2 maps. For any n G N and x,y £ K G JC n the following 
estimates hold. 



(6.12) i, k 



I CO 



(a.i; 



\DT n (x)\ 



\DT-{y)\ 
J W T n (x) 



1 



< Cm&x{d{x,y),d(T n x,T n ,y)} 

< Cmax{d(x,y),d(T n x,T n ,y)} 



J w T n (y) 

In particular, these bounds imply that | |DT ri | _1 |c<?(vi/ i ) < C\ \DT n \~ l \ c o(w i ) and similarly 
| JwT n \ci{Wi) < C\J w T n \ c o( Wi ) for any < q < 1. 

Note that for x G T~ n W, \DT n (x)\ = C e (x)J w T n (x)J u T n (x) where J u T n is the Jacobian 
of T n in the unstable direction and Ce(x) is a number which depends on the angle between 
the unstable direction and T~ n W at the point x. Since the family of admissible leaves W is 
uniformly transversal to the unstable direction, there exists a constant cq > 0, independent 
of W, such that \Cg\ > c . Thus for all n > 0, 

(A.2) | \DT n \~ 1 J w T n \ oo < C\- n 

wherever \DT n \ is defined. 
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